We study the dynamics of a magnetically trapped Bose-Einstein condensate in the presence of an external electromagnetic field coupling trapped, untrapped and antitrapped Zeeman sublevels. An approximate analytical solution is given in the regime of strong outcoupling.
I. INTRODUCTION
One of the most promising future applications of the Bose-Einstein condensates of magnetically trapped atoms is the possible realization of efficient atom lasers, whose experimental proof of principle has already been given [1] . An essential element of any atom laser is the process of outcoupling from the trapped Bose-Einstein condensate. In [1] an rf -field was used to coherently transfer atoms from the trapped state to untrapped magnetic sublevels within the same hyperfine manifold of states, enabling them to leave the trap under the influence of gravity. Another outcoupling scheme presently being explored experimentally [2] is based on Raman transitions in an external optical field.
The theory of outcoupling from Bose-Einstein condensates has been developed in a number of papers [3, 4, [6] [7] [8] . The theory is based on the Gross-Pitaevskii equations for the macroscopic wave functions of the atoms in the trapped and untrapped magnetic sublevels, coherently coupled by the externally imposed electromagnetic field. In [3] the coupled GrossPitaevskii equations for two magnetic sublevels were solved numerically in 1 dimension for a number of cases, and various dynamical regimes were identified. In [4] a detailed comparison of numerical and experimental results was given. In [5] the regime of weak outcoupling was considered and in this limit an approximate analytical solution of essentially the same theoretical model as in [3] and [4] was given. The weak outcoupling regime is defined physically by the condition that the Rabi oscillations induced by the electromagnetic fields in a certain resonance zone within the condensate are slow on the time scale on which the driven atoms leave that zone. An experimental study [9] of this regime was recently performed. In this limit the outcoupling proceeds at an approximately time-independent perturbatively calculable rate [5] , and the reduced effective condensate dynamics can be described by a Markoff process, similar to the familiar Markovian description of a lossy laser mode. The opposite regime of strong outcoupling, where the atoms move very slowly on the time-scale of the Rabi cycles, has also been seen in numerical simulations [3, 5] but has not yet been studied theoretically in detail. In fact, the experimental realization of an atom laser in [1] operated in this regime, which is therefore of practical as well as theoretical interest. In the present paper we give an approximate analytical solution of the coupled Gross-Pitaevskii equation in the regime of strong outcoupling. This will be done by a method similar to that of [10] , [11] for the solution of the time-dependent Gross-Pitaevskii equation,
II. MODEL OF THE OUTCOUPLING PROCESS
The model of the outcoupling process we shall analyse in this paper is essentially that of ref. [5] , but with allowance for the action of gravity, which is actually very important [7] , at least in the case of microwave or rf -field outcoupling, for extracting the outcoupled atoms from the trap. Thus we consider a coupled set of Gross-Pitaevskii equations for the macroscopic wave function ψ m in the different internal atomic states, e.g. Zeeman sublevels, labelled by m. We shall assume that the interaction energy between the atoms is a functional of the total density of the atoms |ψ| 2 = m |ψ m | 2 only and not dependent on the internal state m. This assumption is rather well satisfied within a hyperfine manifold of fixed total spin quantum number F , but we shall use it as a simple model assumption also for levels with different F -values. Then the coupled Gross-Pitaevskii equations take the form:
M is the atomic mass, U 0 = 4πh 2 a M describes the effective low-energy scattering potential with scattering length a. We shall restrict our discussion to the case of repulsive interaction a > 0.
For rf -outcoupling from an F = 1, m F = −1 condensate, like the 23 Na condensate in [1] (cf. fig.1(a) ), m = −1, 0, 1 labels the 3 magnetic sublevels of the F = 1 state with trapping potentials
Here and in the following we neglect quadratic Zeeman shifts. Thus m = 0 and m = 1 refer to the untrapped and antitrapped magnetic sublevels, respectively. Here we included the gravitational potential and denote by V (0) the offset of the trapping potential for the m = −1 condensate in the geometrical center of the trap at r = 0. For simplicity we shall assume that the magnetic trapping potential is isotropic. The rf -frequency is denoted by ω and Ω = gµ B |B rf |/ √ 2h is the Rabi frequency at resonance due to the magnetic rf -field, which is spatially independent over the condensate.
Similarly, for rf -outcoupling from an F = 2, m F = +2 condensate (cf. fig.1(b) ), like the 87 Rb condensate, m = −2, −1, 0, 1, 2 labels the 5 magnetic sublevels of the F = 2 state with trapping potentials
and Ω = gµ B |B rf |/ √ 2h as before.
For microwave outcoupling between two different hyperfine states it is sufficient, due to energy conservation, to consider only two components m = 1, m = 2 in eq. (2.1) which refer to the trapped and untrapped (or antitrapped) states, respectively. With the magnetic dipole matrix-element µ 12 between the two states , the Rabi frequency is Ω = µ 12 |B|/ √ 2h where the magnetic microwave field is again spatially independent across the condensate.
In this case the potentials V m are
where p = 0 and p > 0 for outcoupling to an untrapped state and an antitrapped state, respectively.
For Raman outcoupling (cf. fig.1(c) ) m = 1, m = 2 again refer to the trapped and untrapped (or antitrapped) state respectively, and Ω is replaced by Ω · e ikx , the spacedependent effective Rabi frequency of the Raman transition, with net energy and momentum transfer to the atom ofhω andhk, respectively. In a three-level approximation for the Raman
Here Ω 1 , Ω 2 are the Rabi frequencies of the two lasers with frequencies ω 1 , ω 2 driving transitions between levels 1 and 3, and levels 2 and 3, respectively, with
the level-spacing E 3 − E 1 andhω 1 , which is assumed to be large to avoid the population of the auxiliary level 3. The potentials V m in this case are as in eqs. (2.4).
In the following we shall assume that the electromagnetic outcoupling fields are switched on at time t = 0. We shall consider the case of sudden switch-on in a time interval short compared to the final Rabi period. Before the switch-on the condensate state is assumed to be in equilibrium and described to sufficient accuracy by the Thomas-Fermi approximation, while the outcoupled states are unpopulated.
III. RABI-OSCILLATIONS IN THE CONDENSATE
For sufficiently strong external electromagnetic outcoupling fields the Rabi oscillations between the coupled internal atomic states become so fast, that the center of mass motion of the atoms can no longer follow. In this regime a combined Thomas-Fermi and Raman-Nath approximation applies, in which the kinetic energy terms in eq. (2.1) are negligible. The
Rabi oscillations within a given F hyperfine manifold can then be solved analytically. We consider the cases F = 1 and F = 2 in turn:
1. Rabi oscillations in an F = 1 manifold:
Before starting let us shift the origin of the z-axis into the minimum of the total external potential (trap and gravity) seen by the condensate in the m = −1 state via the replacement
Furthermore let us choose the zero of the gravitational potential inz = 0 by adopting
With the notatioñ
we then have
(see fig.2 ).
Furthermore let us proceed to an interaction picture by splitting off the main frequencies according to
Initial conditions have to be specified next. We shall assume the electromagnetic outcoupling fields are switched on at t = 0 in a time interval short compared to the final Rabi period. The initial condition at t = 0 in the Thomas-Fermi approximation [12] , [13] then is
where the chemical potential µ is determined by the number of atoms in the condensate via
Neglecting the kinetic energy terms in a zeroth-order approximation, the coupled GrossPitaevskii equations reduce to a Rabi level-flopping problem, in which the local quantity |ψ(r, t)| 2 is constant in time. In the next (first-order) approximation |ψ(r, t)| 2 will be allowed to change slowly in space and time and will then be determined self-consistently. Therefore, in the present zeroth order approximation we have to treat |ψ(r, t)| 2 as constant in time, but arbitrary. In a vector and matrix notation, with
the coupled Gross-Pitaevskii equations to zeroth order then reduce to the simple form
Its solution is recorded in the appendix, together with the corresponding solutions for the other cases considered below, in particular the case F = 2. Let us define the regime of strong outcoupling by the condition
throughout the condensate. If the rf -frequency ω is chosen in such a way that the resonance condition ∆(r) = 0 is satisfied somewhere inside the condensate, a sufficient condition for
Since in the regime of strong outcoupling the detuning ∆ is negligible compared to Ω, the solution of eq. (3.6) becomes very simple and reads throughout the condensate, but with a space-dependent phase. In the next order approximation the gradient of this phase gives rise to a particle current, which in turn changes the number density |ψ(r, t)| 2 by particle number conservation. This will be considered in section 4.
Rabi oscillations in an F = 2 manifold
Let us assume the condensate is in the F = 2, m F = 2 state. We perform an analogous sequence of steps as in the previous subsection for the case
and choosing z 0 = −g/ω 2 we have in the notation (3.1)
Let us split off the main frequencies according to
Using the fact that |ψ(t)| 2 = m |ψ m (t)| 2 is locally conserved in the combined ThomasFermi and Raman-Nath approximation and left arbitrary at this stage (to be determined self-consistently later on) we obtain the coupled set of equations, in matrix notation with
The solution of (3.12) is given in the appendix. In the limit of strong outcoupling it takes the formψ
(3.14)
Fig .4 shows the probabilities |ψ m (r, t)| 2 /|ψ(r, t)| 2 as a function of time for this case.
Rabi oscillations for microwave and Raman outcoupling
For these outcoupling mechanisms the internal state of the condensate atoms is coupled to a single magnetic sublevel in another hyperfine manifold and a simple two-level Rabi oscillation results. As before we introducez = z + g/ω 2 and pick z 0 = −g/ω 2 . Then
We defineψ m via
where k = 0 only in the case of Raman outcoupling. Then the equations in combined
Thomas-Fermi and Raman-Nath approximation in a matrix representation withψ =
Their solution in the limit of strong outcoupling Ω ≫ ∆ is
IV. CURRENT OF ATOMS WITH OUTCOUPLING FIELDS ON
In the preceding section the kinetic energy term in the Gross-Pitaevskii equation (2.1) was neglected. No spatial transport of particles can occur in this approximation, the atoms are assumed to be at rest. The most important consequence of the kinetic energy term in eq. (2.1) is that a spatial transport of the atoms occurs. It obeys the conservation law
with the current density
We shall now calculate this current using the results obtained in the preceding section.
The present discussion applies to all cases 1) to 3) of sec. III. Let us begin with the case of rf -outcoupling from a F = 1, m F = −1 condensate. The state-vectorψ is spacedependent due to its proportionality to |ψ(r, t)| 2 and its dependence on ε and ∆ which both depend onr. As shown in the appendixψ can be written as
where the vector ϕ is space-dependent only via its dependence on the space-dependent detuning ∆(r) and has unit norm. The phaseφ, according to eq. (3.9), satisfies in the local rest frame of the atoms
Inserting (4.3) in the definition of the current density results in the expression
with the local velocity field in the laboratory frame
As is shown in the appendix the second term on the right hand side of eq. (4.6) is given by
For strong outcoupling it is rapidly oscillating on the time-scaleω −1 of the center of mass motion and can therefore be neglected in the following. If taken into account it would describe a small oscillatory component in the temporal evolution of the center of mass and the radius of the condensate.
The equation of motion ofφ in the laboratory frame includes the kinetic energy Mv 2 /2 = h 2 (∇φ) 2 /2M in addition to ∆ and ǫ and reads
It has to be solved together with the continuity equation
Before doing this it is convenient to make a transformation to the rest-frame of the center of massψ
x (x, t) (4.10) withψ x = |ψ x |e iφx and
The continuity and phase equations in the center of mass frame read
and
With the center of mass motionr
gt 2 e z and eqs.(3.7) the phase equation simplifies to
The ansatz
solves these equations if the coefficients satisfy the differential equationṡ
and, by the normalization condition
The initial conditions follow from the Thomas-Fermi wave function at t = 0. They are
The time-dependent Thomas-Fermi radius is related to B(t) via
Its equation of motion follows as
It can be integrated once to givė
At large times, where r T F (t) ≫ r T F (0), the Thomas-Fermi radius expands ballistically at a constant rateṙ
At small times it expands with constant acceleration
The Thomas-Fermi radius obtained by integrating eq.(4.22) is plotted in fig.5 as a function of time.
The result for the condensate density in the laboratory frame is
The phase of the macroscopic state vectorψ can also be expressed by r T F (t) as
Thus under the influence of the strong electromagnetic outcoupling fields, switched on at t = 0, the whole condensate undergoes rapid Rabi oscillations through all the coupled states while freely dropping out of the trap by gravity, and at the same time expanding due to the repulsive interaction. Switching on the external electromagnetic field therefore effectively switches off the trapping potential, up to the oscillatory term (4.7) whose influence is small ifω << Ω, because it averages out in the Rabi oscillations through trapped, untrapped and antitrapped states of a hyperfine manifold.
The results given so far have been written down for rf -outcoupling from an F = 1,
, but are easily transferred to the other cases considered in section (III):
RF-Outcoupling from the F = 2, m F = 2 state:
The velocity field v is still given by eq.(4.6), but the second term on the right hand side of that equation is changed and becomes now 
After inserting ε and ∆ from eq. (3.13), the phase equation reduces to the same form as in the case of the F = 1 manifold and therefore the results forr * (t), r T F (t), |ψ| 2 andφ are unchanged.
Microwave and Raman outcoupling:
We give the results for Raman outcoupling. To obtain the results for microwave outcoupling from the following formulae on has to set k = 0 there. The velocity is again given by the general expression (4.6), with the second term now of the form
which is again rapidly oscillating on the time-scaleω and therefore negligible. The phase equation then takes the form
Let us first consider the case p = 1. There the excited state is antitrapped and has a magnetic moment precisely opposite to the trapped condensate state. The trap potential thus averages out in the Rabi oscillations. We transform to the center of mass frame witḣ
There we can again make the ansatz (4.16) and solve for A(t), B(t) as before. Finally, transforming back to laboratory coordinates we obtain
with the previous result (4.21, 4.22) for the equation of motion of r T F (t).
In the case p = 1, to which we now turn, the trap potential does not average out in the Rabi oscillations and contributes to the center of mass motion and the spreading of the condensate. Now the transformation (written for p < 1)r =r * (t) + x with
introduces the center of mass rest-frame. The phase equation in this frame takes the form
Again the continuity equation and the phase equation can be solved by an ansatz of the form (4.16). The solution for the condensate number density with the required initial conditions takes the form, in the laboratory frame,
where the Thomas-Fermi radius r T F (t) satisfies
It is not influenced by the center of mass motionr * (t). The phase of the state vectorψ expressed in terms of r T F (t) is
where energy conservation of the center of mass motion led to the cancellation of some terms. (1 − p)ω around its new equilibrium value (see fig.6 )
(4.38)
For p > 1 the condensate becomes antitrapped by the outcoupling field and is driven apart by the magnetic field of the trap. Its center of mass trajectory can be inferred from (4.33) by analytic continuation to p < 1 as
Its Thomas-Fermi radius (see fig.7 ) grows with constant acceleration for small timesωt ≪ 1 40) and exponentially at large times
provided the condensate has not yet spread beyond the parabolic part of the trapping potential.
V. OUTPUT
We assume the outcoupling field is turned off rapidly when, in a Rabi cycle nearly all atoms are in the antitrapped state. To determine their macroscopic wave function afterwards we have to solve their Gross-Pitaevskii equation again.
F = 1 manifold
For outcoupling from the F = 1 manifold
where atoms remaining in the m = −1, 0 states have been neglected in the total density. This is justified if the outcoupling field is switched off at a time T satisfying
with integer n. To solve (5.1) we can use the same method as in section IV. The center of massr
With the apropriate initial conditions at time t = T it is given bỹ In this plotω/Ω = 0.1, and the duration of the radio-frequency pulse isωT = 2.
F = 2 manifold
Even in the limit ∆/Ω → 0 a complete transfer of the occupation probability from the trapped m F = 2 state to a single antitrapped state is not possible in this case (cf. fig.4 ) but e.g. at the times ΩT ≃ 3.4 and ΩT ≃ 21.9 a fraction close to 1 of all atoms is in the antitrapped m F = −2 state. Neglecting the influence of the small fraction of atoms remaining trapped we can take over the preceding analysis with minor modifications, and adjusting the number of atoms from N to N −2 (T ) = N · P −2 (T ) with
The Gross-Pitaevskii equation of the atoms in the m F = −2 state
takes the same form as (5.1) if there the replacementhω → 2hω is made. The result for the density in the m F = −2 state is plotted in fig.10 .
Microwave and Raman outcoupling
In the limit ∆ ≪ Ω all atoms in the condensate are in the antitrapped state m = 2 (for
π. The subsequent evolution of ψ 2 is governed by
The center of mass satisfies the equation of motioñ
with initial conditions following from eq.(4.33). The Thomas-Fermi radius satisfies
with initial conditions r T F (T ) anḋ
following from eq. (4.36). The solution for p = 1 is shown in fig.8 . The density |ψ 2 | 2 is then given in terms ofr * (t) and r T F (t) by eq. (4.35). For the purpose of generating an output pulse with a small Thomas-Fermi radius the case p = 0 is of particular advantage.
The number density in the excited state for this case is plotted in fig.11 . In this plot it is assumed that Ω/ω = 5.91 and ΩT = 15π/2. Finally, the phase is obtained as an expression similar to eq. (4.37), namelỹ Then only a small fraction of the atoms in the condensate is coupled out by each pulse of the external fields. The strong-coupling limit in this case is reached if the effective Rabi frequency, including the detuning is large compared to the variation of the detuning across the condensate. Our treatment, in which resonance was assumed, may easily be extended to this case.
As long as the external electromagnetic field is on, the condensate is not yet coupled out, unless the antitrapped states to which it is coupled happens to be more strongly repelled by the magnetic trap than the trapped states are attracted, which is the case p > 1 in eq.(3.15).
In all other cases, how many atoms are finally coupled out depends crucially on the phase ΩT of the Rabi cycle at the moment when the electromagnetic field is switched off. In figs.9-11 we have chosen the switch-off time T in such a way that the outcoupled state has its maximum occupation probability precisely equal to or at least close to 1. A comparison of these figures, and of the formulas to which they correspond, shows that outcoupling to an untrapped state as in fig.11 rather than an antitrapped state as in figs.9, 10 is highly preferrable to achieve a spatially confined, narrow pulse, as the spatial width of the pulse in the antitrapped states is rapidly broadened by the repelling trap potential. However, the coherence of the outcoupled atom wave should permit a refocussing of the outcoupled pulse by the techniques developed in atom optics.
We have followed the dynamics of the atoms only in the region of space where they feel the parabolic part of the trap potential. In order to follow them further as they leave the trap and finally become freely propagating atoms it is necessary to make detailed assumptions 
APPENDIX:
Here we record the needed analytic expressions for the Rabi oscillations in the various cases considered in this work.
F=1 manifold:
The ansatzψ = e
with |ϕ| 2 = 1 transforms eq.(3.6) into
with δ = ∆/Ω, where ϕ ′ is the derivative of ϕ with respect to τ = Ωt. Its solution with initial condition ϕ m = δ m,1 is given by
In the present work we need ϕ(Ωt) for δ = 0 and
in order to evaluate the current velocity (h/M)Im[ϕ * ∇ϕ] δ=0 . Using (A3) we obtain
F=2 manifold:
with |ϕ| 2 = 1 transforms eq.(3.12) into 
with the same notation as in (A2). The solution with initial condition ϕ m (0) = δ m,1 is given
with the characteristic dimensionless frequencies
and the coefficient-vectors The special case δ = 0 gives λ 1 = √ 3, λ 2 = 1 and leads to eq.(3.14). In the present work we also need (∇ϕ) δ=0 and hence ( ∂ϕ ∂δ ) δ=0 . Using (A9)-(A10) we obtain
(7cos( √ 3Ωt) − 3cos(Ωt)) + 
